Monocentric lenses are excellent candidates for compact, broadband, high resolution, wide-field imaging. Traditional monocentric designs produce a curved image surface and have therefore found limited utility. The use of an appropriately machined fiber bundle to relay the curved image plane onto a flat focal plane array (FPA) has recently emerged as a potential solution. Unfortunately the spatial sampling that is intrinsic to the fiber bundle relay can have a negative effect on image resolution, and vignetting has been identified as another potential shortcoming of this solution. In this paper we describe a metamaterial optical element that avoids the deleterious effects of sampling and can provide a high-quality image relay from the curved monocentric image surface to a flat FPA. Using quasi-conformal transformation optics (TO) a classical Maxwell's "fish-eye" lens is transformed into a shape with a concave front surface and flat back surface. We quantify image quality metrics such as spot size, field of view, and light efficiency along with manufacturing cost metrics such as index contrast and anisotropy. Based on this analysis we identify and fully optimize a monocentric lens in combination with a TO-designed GRIN image relay optic.
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PROBLEM OVERVIEW: MONOCENTRIC LENS AND CHALLENGES
Invented in 1859 [1] , the monocentric lens consists of concentric glass shells, as diagrammed in Figure 1 . The refractive index of the multiple layers can be chosen in order to minimize third-order geometric aberrations [2] . Spherically symmetric imaging systems, like the monocentric lens, are free from astigmatism and coma. Thus, spherically symmetric lenses provide better image resolution, for a given field of view, than lenses with planar focal surfaces. Despite the monocentric lens' image quality, its use in cameras has never been widespread. The problem with the monocentric lens, and spherically symmetric lenses in general, has been that there was not an economical way to record the hemispherical image. In the 1950's, for example, researchers tried to couple the curved focal surface to curved film [3] . This film, however, proved too difficult to produce and process. In the 1960's, scientists relayed the image to a detector via fiber bundles. Unfortunately, the relays suffered from too much cross talk [4] . While field flatteners may be used to correct small Petzval wavefront aberration in traditional lenses with nearly flat image surfaces, the image surface of the monocentric lens is severely curved. Thus, for lack of a feasible method to capture the image, the use of monocentric lenses in cameras has been limited.
Recently, however, several promising ways to record the curved image have been proposed and prototyped. Since 1999, for instance, researchers have been investing in curved digital sensor arrays [5] [6] [7] [8] . In 2013, researchers at Duke University implemented a camera with a monocentric lens coupled to micro camera relays [9] , as illustrated in Figure 2 . This camera achieves F/2.4 light collection, near-diffraction-limited resolution, and a full field of view of more than 120° [2] . Moreover, the stop is located in the micro cameras, eliminating the need for one in the monocentric lens itself, which causes vignetting. While large-scale manufacturers do not currently sell optics with this design, [8] anticipates that it may be used for military, commercial, and civilian applications in the future. Additionally, in 2013, at the University of California, San Diego, researchers demonstrated a camera with a monocentric lens that transmitted the image to focal plane arrays via fiber bundles. This setup is illustrated in Figuremicro cameras J fiber f bundles Nevertheless, these promising reimager designs have drawbacks. The relay setup is complex and expensive [4] . Moreover, light from any particular field angle is spread over three micro cameras, and light is lost [9] . In the fiber bundle design, each waveguide needs a diameter of at least 2 μm to reject cross talk [10] ; thus, the optic's sample size cannot be finer than 2 μm. Furthermore, in order to attain this maximum resolution, the pitch of the sensor pixels must be matched to the filaments'. In this case, the boundaries between fibers and the borders between sensor pixels coincide, and moiré patterns result [10] . On top of these problems, the coupling is inefficient and lossy, particularly at the points on the focal surface where the fiber's axis of symmetry is not aligned as well with the direction of propagation of the incident light. While image processing can improve some of these defects [11] , some image quality is inevitably lost.
Because of these shortcomings, this paper analyzes an alternative way to reimage the hemisphere: a lens with a concave object surface and a planar image surface. This lens is made with metamaterials, the constitutive parameters of which are determined by applying quasi-conformal transformation optics, or QCTO, to Maxwell's fish-eye lens. This metamaterial solution potentially preserves the image quality of the monocentric lens better than the fiber bundles and micro-cameras. The performance of the reimager is evaluated, and its manufacturability is assessed.
TRANSFORMATION OPTICS BACKGROUND
Because this design uses quasi-conformal transformation optics, a brief overview of transformation optics and quasiconformation transformation optics is presented. 
A proof of this theorem appears in the appendix of [12] .
In the TO algorithm, a material is designed using this theorem. ( 3 ) and ( 4 ) are used to determine the constitutive parameters of a material so that it realizes the desired field distributions of ( 1 ) and ( 2 ) . The most well-known TO design is the invisibility cloak, presented in [13] .
While a powerful design tool in theory, the practical implementation of TO has limitations. The permittivity and permeability prescribed by the TO design algorithm are generally both anisotropic, and, furthermore, often span a large range of values. Such materials might require expensive or rare metamaterials, or they might not be feasible at all. Quasi-conformal transformation optics (QCTO) was therefore introduced by [14] to find TO prescriptions that were more likely to be feasible.
According to the theory underlying QCTO, isotropy and non-magnetism in an optical material designed by the TO algorithm is achievable under the following stringent conditions. First, the materials in the starting solution must be isotropic and non-magnetic. Secondly, the system must be "2-D": in one particular transverse direction, , the constitutive parameters must not vary, and light propagating in this way must be inconsequential to the system. Moreover, the transverse dimension, ( ), and its orthogonal complement, ≡ ( ) , must both be invariant under → ( ). Most critically, → | ( ), or → ( ) restricted to , must be conformal. As a final requirement, the Eikonal approximation must be valid, and the way that energy is divided between the electric field and the magnetic fields must be inconsequential to the device's performance. When the aforementioned conditions are satisfied, the optic can be implemented with a non-magnetic and isotropic material. An example of such a 2-D QCTO design is the "flattened fish-eye" lens described in [15] .
While helpful for 2-D optics, QCTO unfortunately cannot be used to design dielectric-only 3-D systems, in which light propagates in all three dimensions. Nevertheless, in the special case of systems with axial symmetry, a QCTO method can still make the material much more manufacturable, albeit anisotropic. In this strategy, → ( ) maps a point with cylindrical coordinates ( , , ) onto a point with cylindrical coordinates ( , , ) such that ( , ) = → | ( , ), where → | is a conformal transformation, and = . Assuming the validity of the Eikonal approximation, the device can then be implemented with ( 5 )-( 8 ) [16] :
( , ) = ( , ) = 1
In these equations, ( , ), ( , ), and ( , ) are the components of the permittivity tensor in the new optic, oriented in the radial, azimuthal, and longitudinal directions respectively; ( , ), ( , ), and ( , ) are the corresponding components of the new optic's permeability tensor; ( , ) is the isotropic permittivity of the original optic; is the radial coordinate of the preimage of ( , ) under → | ; and | ( , )| denotes the Jacobian determinant of → | ( , ).
The 3-D QCTO prescription, albeit anisotropic and magnetic, is still more manufacturable than general TO designs because only one component of the prescribed permeability tensor is not 1, and most magnetically-coupled metamaterials provide a magnetic response in only one direction [16] .
DESIGN PROCEDURE
With 3-D QCTO, a Maxwell's fish-eye lens is transformed into a concave-plano reimager, as diagrammed in Figure  4 . Maxwell's fish-eye, illustrated in Figure 5 , has the index of refraction:
where is any positive constant, and is the optic's radius. eye. Meanwhile, the left and right sides are: (∓ cos , sin ): 0 ≤ ≤ 80° , where the negative sign corresponds to the left side, and the plus sign to the right side. Hence, the left side, colored blue, corresponds to the object surface of Maxwell's fisheye; the right side, colored green, corresponds to the image surface. Meanwhile, specifies the desired shape of the reimager. It is described by the cylindrical longitudinal and radial coordinates of the reimager: , . The left side, in blue, is aligned with the concave front surface, which has a radius of 12.034 mm, designed to fit the monocentric lens described in [2] . The back surface, in green, corresponds to the flat detector plane. The left side, in blue, is aligned with the concave front surface, which has a radius of 12.034 mm, designed to fit the monocentric lens described in [2] . The back surface, in green, corresponds to the flat detector plane.
Next, numerical grid generation techniques, as detailed in [17] and [18] , are be used to calculate grid-point arrays inside the quadrilaterals. [ , ] ( 11 ) where ∆ and ∆ are constants. Consequently,
[ , ] ( 12 ) where → = ℓ→ ∘ →ℓ . → ( , ) is conformal. Hence the transformation used to reshape Maxwell's fisheye into the concave-plano reimager is → ( ) ( , , ), where:
From these grid point arrays, the discrete spatial samples of the reimager's constitutive parameters are obtained by substituting discrete, numerical calculations of the Jacobian determinant → ( , ) are computed.
where 
Constitutive parameters
The calculated constitutive parameters for the reimager needed to reimage a ±60° field are plotted in Figure 7a -c. The permittivity is scaled so that the minimum value of is 1. The radial and longitudinal components of the relative permittivity tensor, and , range in value from 2.6 to 25.6. ranges in value from 1 to 25.6. The azimuthal component of the permeability tensor ranges from 0.2 to 1.0. The radial and longitudinal components of the permeability tensor are unity. 
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he focal length of this reimager is 60.17mm. The aperture is 24.068 mm. The average magnification is approximately 1.3 -for the ±60° FOV, the height of the back of the approximately 1.3 time the arc length of the front.
Spot sizes
Using the constitutive parameter profiles computed and displayed in Figure 7a -c, bundles of meridional rays are traced through a cross-section of the reimager. Each bundle spans ±25°, approximately the angular extent of the cones of light entering the reimager from the F/1 monocentric lens. (The bundles at larger field angles are actually expected to have a narrower span, due to surface refraction.) The ray trace is shown in Figure 8 , and the spot sizes are shown in Figure 9 . The spot sizes of the 30° and 60° field angles at the back surface are less than 2.5 microns -comparable to the size of the fibers bundles. The on-axis rays have a spot size of less than 6 microns.
Light efficiency
Since in ( 9 ) can be chosen arbitrarily, the permittivity values in reimager can be arbitrarily scaled. Moreover, the permittivity and permeability at the front face of the reimager determine the amount of light lost to Fresnel reflection. Therefore, different permittivity scales yield different light efficiencies. In order to gauge the effect of different scales on light efficiency, the transmissivity, as a function of field angle, is calculated for different scales of the permittivity. Figure 10 plots the average transmissivity as a function of field angle when the permittivity is scaled so that the maximum index of refraction experience by meridionally-propagating rays at the surface of the reimager is 5, 6, 7, 8, and 9. The lower this index, the better the transmissivity. It is therefore concluded that a lower range of permittivity values yields a more efficient reimager. 
CONCLUSION
It has been shown that a metamaterial lens potentially could serve as a solution to the reimaging problem of the monocentric lens, if the anisotropic and magnetic metamaterials were able to be manufactured for optical wavelengths. 
